It is crucial to maintain constant temperatures in an energy-efficient way. Here we establish a temperature-trapping theory for asymmetric phase-transition materials with thermally responsive thermal conductivities. Then we theoretically introduce and experimentally demonstrate a concept of an energyfree thermostat within ambient temperature gradients. The thermostat is capable of self-maintaining a desired constant temperature without the need of consuming energy even though the environmental temperature gradient varies in a large range. As a model application of the concept, we design and show a different type of thermal cloak that has a constant temperature inside its central region in spite of the changing ambient temperature gradient, which is in sharp contrast to all the existing thermal cloaks. This work has relevance to energy-saving heat preservation, and it provides guidance both for manipulating heat flow without energy consumption and for designing new metamaterials with temperature-responsive or field-responsive parameters in many disciplines such as
It is known that humans are faced with a global energy crisis, namely, an increasing shortage of nonrenewable energy resources, such as coal, petroleum, and natural gas [1] . However, much of the energy generated from nonrenewable energy resources is used for temperature preservation in many areas ranging from industrial fields to our daily lives. Therefore, it is meaningful and challenging to reduce such energy consumption.
Heat conduction exists in matter as long as there is a temperature gradient. In recent years, researchers have been devoted to understanding and controlling the conduction of heat, putting a particular emphasis on its nonlinear feature. Their fundamental interests focus on the nonlinear conduction phenomenon at the microscopic scale to have a better understanding [2, 3] , to improve thermoelectric effects [4] [5] [6] , or to achieve novel thermal rectification [7] [8] [9] . However, the nonlinear heat conduction at the macroscopic scale is seldom touched in the field of fundamental research even though it was already reported long ago [10] . In this work, by tailoring the nonlinear effect of macroscopic heat conduction [10, 11] , namely, manipulating thermally responsive thermal conductivities appropriately, we establish a temperature-trapping theory and then propose a novel concept of an energy-free thermostat. The thermostat can self-maintain a desired constant temperature without the need of consuming energy even though the environmental temperature gradient changes in a large range. As a proof of concept, we experimentally fabricate a prototype device by assembling commercially available materials according to a multistep approximation method, which enables us to effectively realize the desired thermal conductivities on the same footing as thermal metamaterials [11] [12] [13] [14] [15] [16] [17] [18] or metamaterials in other fields [19] [20] [21] [22] . Then we apply the thermostat concept to thermal cloaking [11] [12] [13] [14] [15] [16] [17] [18] as a model application, and show an improved thermal cloak, whose central region serves as an ideal thermal environment with a constant temperature even though the environmental temperature gradient varies significantly. This feature makes the improved thermal cloak distinctly different from the existing thermal cloaks [11] [12] [13] [14] [15] [16] [17] [18] .
Temperature-trapping theory: Concept of energy-free thermostat.-It is known that thermal conductivities essentially depend on temperature, T [10] . Particularly, in a phase transition process, the thermal conductivity can change sharply [23] . For simplicity, let us consider a onedimensional steady-state heat conduction along the x direction with temperature-dependent thermal conductivities, κðx; TÞ. The conduction follows the differential equation,
Then we are in a position to find a specific value or function of κðx; TÞ for our purpose: the temperature at a specific region should keep (almost) unchanged even though the associated boundary conditions change significantly. In other words, we expect that the desired material should be able to automatically maintain a constant temperature within changing ambient temperature gradients without the need of adding additional work.
For more details, let us consider the one-dimensional model, where the right-hand (left-hand) side of the model is the heat (cold) source with a fixed high (low) temperature of T H (T L ). We set T c as an arbitrary value between T H and T L . As T H increases (or T L decreases), we expect that the temperature at the middle point (located between the hot and cold sources) should always be T c . Now, suppose the model is divided into two parts from the middle point: the temperature of part I ranging from T H to T c , and part II from T c to T L . In case of increasing T H only, for any κðx; TÞ, the temperature in part II should always range from T c to T L . Therefore, in part II, the temperature gradient remains unchanged, yielding a corresponding heat flow. Since T H may increase and it has no effect on the temperature at the middle point, the heat flow must be independent of T H . Owing to the continuity of heat flow, we obtain
where q is the density of heat flow, and C is a constant. Clearly, if only considering a decreasing T L , we may obtain the same equation as Eq. (2). This fact means that our models are centrosymmetric: κðx; TÞ are symmetrical with respect to T ¼ T c . Equation (2) is the key for giving a rough sketch of κðx; TÞ. As T → T c , dT=dx → 0. Thus, κðx; TÞ should tend to infinity and reach the highest value. On the contrary, for T ≫ T c or T ≪ T c , the temperature gradients are large, so κðx; TÞ tends to zero. Moreover, the middle point with T ¼ T c is the inflection point of function κðx; TÞ. To sum up, the temperature-dependent function, κðx; TÞ, should satisfy the following rules: κðx; T − T c Þ ¼ κðx; T c − TÞ; κðx; TÞ → ∞ as T → T c ; and κðx; TÞ → 0 as T ≫ T c or T ≪ T c . The second requirement is not realistic for extant materials and some approximation should be adopted instead.
In consideration of mathematical simplicity for easy analysis and modeling, we design an alternative onedimensional heat conduction model as shown in Fig. 1(a) , where T 3 , T 2 , T 1 , and T 0 (or x 3 , x 2 , x 1 , and x 0 ) are the corresponding temperatures (or positions) along the direction of heat diffusion, where we set x 1 − x 0 ¼ x 3 − x 2 . Two types of nonlinear materials (type A and type B) are located at the left-hand and right-hand sides, respectively, and a common material with a high and constant conductivity κ η is placed in the middle region. In this model, the conductivities of type A and B are related to the temperature, and the relations are chosen to hold the same form as the logistic functions LðTÞ widely used in logistic regressions. We believe the combination of a pair of axial symmetry logistic functions may give a good approximation of the aforementioned requirements of thermal conductivity. Furthermore, these two types of materials are much more practicable because the sigmoid curves indicated by logistic functions are similar to those "S" shape curves in phase transition materials describing physical properties as a function of temperature [23] [24] [25] .
More explicitly, the type-A nonlinear material is designed with thermal conductivity κ A as a conductor (or an insulator) at high (or low) temperature. An inverse behavior happens for the type-B material with thermal conductivity κ B . For a given phase-transition temperature T c , both κ A and κ B may be assumed as
where δ is a small value and ε is high enough. In Eq. (3), T − T c has a prefactor, 1K −1 , which has been omitted throughout this work. According to the Fourier law q ¼ −κðdT=dxÞ or qdx ¼ −κdT together with the geometrical relation (x 1 − x 0 ¼ x 3 − x 2 ) and continuity of conduction
κ B dT, we obtain (under the assumption that e T 0 −T c and e T c −T 3 are close to zero),
It should be remarked that the thermal conductivity in the middle region should be much higher (κ η ≫ ε) to make T 1 ≈ T 2 . As a result, the relation T 1 ≈ T 2 ≈ T c can be obtained according to Eq. (4). Therefore, the temperature preserved in our device is approximately the phasetransition temperature, T c . The above discussion shows that adopting two Logistic functions is enough for energyfreely maintaining constant temperatures as ambient temperature gradients change. Then we perform finite-element simulations according to Eq. (3). In Fig. 1, the Figs. 1(b)-1(d) ] and the reference system [ Figs. 1(f)-1(h) ]. The former are close to T c (within 0.3 K) for the three cases. On the contrary, the latter deviate from T c as far as 20 K when the boundary condition changes within the same range. It is worth noting that the temperature of the cold source in Figs. 1(b)-1(d), 1(f)-1(h) remains constant (273.2 K) for the sake of comparison. Actually, if this temperature varies as well, the behavior of the central temperatures will keep unchanged due to the fixed value of T c .
Experimental demonstration of the energy-free thermostat concept.-The major challenge in realizing the thermostat is to find the type-A and type-B materials with nonlinear (temperature-dependent) conductivities [Eq. (3)]. Although phase transitions may generate such variations of conductivities, the transition process is not convenient in operations. We believe that a simplest temperaturedependent conductivity is to switch between two values, which can be achieved by connecting two thermal conductors or not. This process may be described by a step function. To make the conductivity vary as a step function, a practical way is to assemble a still part and a movable part. Figure 2 shows the relevant details.
In our experiment, the still part is constructed by placing three phosphor copper (QSn6.5-0.1) films (κ p ¼ 54 W=m · K) at regular intervals; each interval is filled with silicon grease (κ s ¼ 4 W=m · K). All the phosphor copper films and their intervals (filled with silicon grease) hold the same dimensions. As a result, the effective thermal conductivity of this alternating layered structure can be derived as κ eff ¼ ½ðκ [26] . On the other hand, a bimetallic strip composed of phosphor copper and shape memory alloy (SMA) [27, 28] serves as the movable part.
The SMA is capable of changing its shape as the temperature varies. Specifically, a two-way SMA chosen for building the type-A material is able to tilt up an angle below 278.2 K and completely level above 297.2 K. For the type-B material, the transition temperatures are the same but the deformation is opposite. Therefore, as we change the temperature of the hot or cold source, the bimetallic strips will be driven up and down. In general, due to the deformation of SMA, 0-3 metal films will fill the gaps between the two connective layers of phosphor copper [ Figs. 2(a)-2(b) ], and change the effective conductivity of type-A or type-B material according to the effective medium theory [26] . The calculated thermal conductivities are displayed in Fig. 2(c) . It should also be noted that the transition temperature T c of the type-A and type-B materials are actually 297.2 K, since at this temperature, the three SMAs are all flat (or warped) for type-A (or type-B).
In addition, a copper film with κ η ¼ 394 W=m · K is located in the middle to assemble the whole device; see Fig. 2(b) . Moreover, all the metal surfaces are covered by polydimethylsiloxane, which helps against heat dissipation and makes the whole device "visible" for the thermal camera.
As shown in Fig. 3 , the experiment is carried out for three different boundary conditions, where the temperature of the For the type-A part, the bimetallic strips will tilt up and result in a low effective thermal conductivity κ eff of the layered structure when the temperature is below 297.2 K. Upon heating, the bimetallic strips will become level and replace the silicon grease layers with phosphor copper when the temperature is above 297.2 K. As a result, κ eff increases. The opposite behavior happens for the deformation of the type-B part. When a temperature gradient exists in the device, the bimetallic strips show different degrees of deformation; see (b). The dimensions indicated in (b): L 1 ¼ 3, L 2 ¼ 2, and H ¼ 2 cm. Since κ eff of the type-A or type-B part depends on the shapes of the bimetallic strips, which vary with the temperature T S of the heat or cold sources, we can achieve a relationship κ eff ðT S Þ that is similar to κ A ðTÞ or κ B ðTÞ in Eq. (3). This similarity serves as the main principle of our experiment; see (c). The solid curves indicated by "Experiment" are calculated with the effective medium theory by assuming the leveling of 0-3 bimetallic strips; the dashed curves indicated by "Theory" are the result of Eq. (3).
heat source is changed significantly while the temperature of the cold source keeps almost unchanged. Figures 3(a)-3(c) show the measured temperatures at the three centers, which are almost constant as predicted by the theory. The constant value is a little lower than the phase-transition temperature (297.2 K) due to the dissipation of heat to the environment. Meanwhile, the temperature distributions of the device without the SMA are also presented in Figs. 3(d)-3(f) for comparison. In this case, the temperatures within the central areas vary significantly [ Figs. 3(d)-3(f) ].
Apply the energy-free thermostat concept to design a new thermal cloak.-To make our thermostat concept more useful, we try applying it to thermal cloaking [11] [12] [13] [14] [15] [16] [17] [18] . As a result, we shall achieve an improved thermal cloak whose central region serves as an ideal thermal environment with a constant temperature even though the environmental temperature gradient changes significantly. This feature makes the improved thermal cloak distinctly different from the existing thermal cloaks (whose central temperatures vary evidently as environmental temperature gradients change significantly) [11] [12] [13] [14] [15] [16] [17] [18] .
A thermal cloak helps to steer heat flow around an object without the need of disturbing the temperature distribution outside the object, and it has two basic characteristics: an undisturbed temperature field outside and a uniform temperature field inside [11] [12] [13] [14] [15] [16] [17] [18] . To design our improved thermal cloak, we resort to the structure of bilayer thermal cloak [18] by using four types of materials; see Fig. 4 (a) which shows regions I-VI for the new device in a background with thermal conductivity κ 0 .
Regions I-IV have a height of 2R 1 , and they are occupied by the four types of materials, whose thermal conductivities are, respectively, given by
These conductivities may be manufactured by utilizing the multistep approximation method as employed in the experimental design [ Fig. 2(c) ]. On the other hand, regions V and VI in Fig. 4 (a) are occupied by two common materials with conductivities
according to the requirement of bilayer thermal cloaks [18] . The simulation results in Figs. 4(b)-4(d) show that as the temperature of the heat source is increased from 323.2, to 338.2, and then to 353.2 K, the improved thermal cloak is able to energy-freely maintain an approximately constant temperature inside it indeed; see 293.5, 294.0, and 294.7 K as indicated in Figs. 4(b)-4(d) . We obtain this conclusion by comparing the "293.5, 294.0, and 294.7 K" with their counterpart values of the common cloaking (namely, "298.2, 305.7, and 313.2 K," which are calculated by averaging the two temperatures of the cold and hot sources when the cloak is located in the center between the two sources).
Conclusions.-We have established a temperaturetrapping theory for asymmetric phase-transition materials with thermally responsive thermal conductivities, and introduced a concept of an energy-free thermostat. The thermostat is capable of self-maintaining a desired constant temperature without energy consumption even though the environmental temperature gradient varies in a large range. By using a multistep approximation method, we have experimentally fabricated a prototype device. In the experiment, we employed homogenous isotropic materials and SMAs (shape memory alloys), which are commercially available. Since no heat engine or temperature sensor is used, the device is lightweight and can be used as components of larger facilities or buildings without interference. For instance, inspired by this concept, we have theoretically designed and showed a different type of thermal cloak that has a constant temperature inside its central region in spite of changing ambient temperature gradients, which is in sharp contrast to all the existing thermal cloaks [11] [12] [13] [14] [15] [16] [17] [18] . Our results have relevance to energy-saving temperature preservation, and they are indicative of a great freedom in extensibility, e.g., for controlling the flow of heat with zero-energy consumption and for designing new metamaterials with temperatureresponsive or field-responsive parameters in many disciplines such as thermotics, optics, electromagnetics, acoustics, mechanics, electrics, and magnetism.
